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Content Review

Question

Question

S;: follows the Black 5cho/ & Model with drift 1 and volatility o, we Rave
\V/ , = ——E(Luk)
St = Soexp((u —o°/2)t+ o By).
o~
Under risk-neutral probabi/ity Q, there exists a Q-Brownian motion B(t@

siich that
St—Soexp( 0 /2)t+ o
@ Seeﬂpl”‘%t' )
St = Soexp|( _Wg’(m’% L + 955(‘5-0)
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Content Review

For an option with payoff function g(St), the option price at time t is

given by
650 = BYe T Ig(s7)|5]

o

and (e~ " t5t)teML,\ﬁ’(t\SL ))tc[o, 7] are martingales.
SEALA

Question

; . =1

If u(t, x) :== E[f(B7)|Bt = x|, then 8tu—|—182u—0

If u(t, X) —= E[AXT)|X;: = x|, where dX = pat + O'dBt then
Oet + 20902, u +\pu = 0.

If u(t, x) = E[f(ST)|S: = %( where dS; = ,uStdt+ 0S:dB;, then
l 2 2 N~~~
Oru + 30°x20%u it uxOxu= ¢ BS ol )

N
o)
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(Computation of mtergral) ,x?-
A ‘ \YE\, 2 Dkﬁ( ,/\ = 5,,2 0\)( "ﬁ 2
’@0{% j 0(( /\)"-'e T -M:.—_O

q/[)(z - X J(e)%) H) = H) e; X\

: ere a, b are constants + J:ge z dx

.,'.‘1 —h(rdl]
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Pricing by Martingale Approach

Consider the stock price (5t)e>0 which follows the Black Scholes model.
Given risk-free interest rate r, find the price of a 3 financial contract
associated with S; maturing at T with payoff function g(x) := x°

S

Solution:
Since S; follows the Black Scholes Model, we have

S5t = So exp((@— o°/2)t + 0@.
- \oa

N,/
Under risk-neutral probability @, there exists a Q-Brownian motion B(t@

such that
T St:SOexp(j@ 02/2)t—|—0.

e
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Pricing by Martingale Approach

Denote by V; the contract price at time t < T, the price of financial
contract with payoff 52 It is clear that e rtVt is a martlngale under Q

Notice that V= g(ST) S Therefore
e "V, LY e_rTVT\]:t EQ[e_rTS ]Ft] Azt

_62)CT-%) t6UsT— By
- *P(cv 2)CT-%)+ 63y »{JN [o,T-4)

~L£ 52 —r(T—t)EQ[eXp((r_ 2/2)(7-_ # _I_O.M)Z‘@

e AT T 00 exp(20(B2 — BO)| 7]

Note that B@ BY is independent of F; with distribution N(0, T — t)
under Q, then by characteristic function, we have. \(~ N[VT"'\")

Flnally V, = 52 (r+o®)(T—t), Taking t = 0, we have Vo = Sce (r+0?)T
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0= 4o*(Tt)

b= feAT-1)
= 2\ 2(T—'t.)
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